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1 | INTRODUCTION

In this paper, we prove the equality of three conjectural formulas for Brumer-Stark units made
by the first and third authors in [4, 8], and [9].

One significance of this result is that the first formula has essentially been proven in [6], so
this paper also verifies the validity of the other two formulas. Additionally, the third formula,
made in [9], relates to a conjecture for the principal minors of the Gross-Regulator matrix. The
validation of the third formula here gives a proof of this conjecture for the diagonal entries. Our
work generalizes a partial result in this direction established in [14]. See [6] for a discussion of the
application of the these formulas toward the explicit class field theory.

We now describe our results more precisely. Let F denote a totally real field, and let H denote a
finite abelian extension of F. Write G = Gal(H /F). Let R, denote the set of Archimedean places
of F. Let R be a finite set of places of F containing R, and the places that are ramified in H.
Fix a prime ideal p & R that splits completely in H and let S = R U {p}. Finally, we consider an
auxiliary finite set T of primes of F, disjoint from S and satisfying a standard minor condition (see
Section 2.2). From Section 3, and for our main results, we make the simplifying assumption that
T consists of a single prime 1. The following conjecture was first stated by Tate and called the
Brumer-Stark conjecture, [18, Conjecture 5.4].

Conjecture 1.1. Let *B be a prime in H above p. There exists an element
ur € Vy={u € H" : | ul,= 1ifv does not divide p}
such thatur =1 (mod T), and for all o € G, we have ordg(u7) = {rr(H/F,0,0).

Here, v ranges over all finite and Archimedean places of H; in particular, each complex conju-
gation in H acts as an inversion on V). The definition of the partial zeta function ¢y r(H/F,o,0)
is recalled in Section 2.2. The conjectural element u; € V), satisfying Conjecture 1.1 is called the
Brumer-Stark unit for the data (S, T, H, ).

Conjecture 1.1 has been recently proved by the first author and collaborators (see [5, 7]). It is
convenient for us to package together u; and its conjugates over F into an element of H* @ Z[G]
that we call the Brumer-Stark element:

u,= Y ul ®[o7'] € H* ® Z[G].

oceG

There have been three formulas conjectured for the image of the Brumer-Stark element u,,
in F ; ® Z[G]. In [4], the first author conjectured a p-adic analytic formula for u,, following the
methods of Shintani and Cassou-Nogues. We denote this formula by u; and state it precisely in
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Section 3. The other two formulas, which we denote as u, and u;, were defined in joint work of
the first and third authors in [8] and [9], respectively. Both of these formulas are cohomological
in nature and are defined using the Eisenstein cocycle. They are stated precisely in Sections 5 and
6. We remark that our definition for u; € F ; ® Z[G] differs from that used in [9] by a sign (which
acts as inversion on the left factor of the tensor product or negation on the right side of the tensor
product), in order to state our results more cleanly. The following combines the conjectures of the
first author (for i = 1) and the first and third authors with (for i = 2, 3).

Conjecture 1.2. Fori=1,2,3we haveu; = Uy,

The main result of this paper is the following.

Theorem 1.3. We have the following equalities between the three conjectural formulas for the
Brumer-Stark element Uy, namely,

U = U, = Uy inF; ® Z|[G].

Recent work of the first author with Kakde has proved that u; = u,, up to a root of unity under
some mild assumptions. Write u(F ;) for the group of roots of unity in F ;

Theorem 1.4 (Theorem 1.6, [6]). Suppose that the rational prime p below p is odd and unramified
in F. Suppose further that there exists q € S that is unramified in H whose associated Frobenius o
is the complex conjugation in G. Then, Conjecture 1.2 for u; holds up to multiplication by a root of
unityin F ;

uy = uy in (Fy/u(F;) ® Z[G].

Remark1.5. Theorem 1.3 implies that u, = u; = u, in (F; / ,u(F;‘ )) ® Z[G] under the assumptions
of Theorem 1.4.

In Section 7, we prove that u, = u, via a direct cohomological calculation that was foretold in
[9]. The proof that u; = u;, which takes up Section 8, is more interesting and involves a new idea
not present in prior work in this direction. It can be broken into two parts. Suppose that H/F is a
CM abelian extension of conductor f such that p splits completely in H. We note that if q | { then
we must have q € R. Denote by E_ () C O, the subgroup of totally positive units congruent to 1
modulo f. We then prove by a direct calculation that

u (o) = u3(o) (mod E, (), @

where u;(0) denotes the o component of u;.

Next, let { be an auxiliary ideal of O that is divisible only by primes dividing f. Let H' D H be
another finite abelian CM extension of F in which p splits completely, such that the conductor of
H'/F divides ff'. In particular, the extension H’ /F is unramified outside R. For each o € G, we
then show the norm compatibility relation fori = 1, 3,

uoH= [ weH). ©)
t€Gal(H' /F)
T|g=0
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We remark here that showing the above equation first requires the proof that u, = u;. Applying
(1) with H replaced by H’ and combining with (2), we obtain

uy(0,H) = us(0,H) (mod E,(ff")). 3)

IfR # R, then taking larger and larger conductors ff’ and passing to a limit, we obtain the desired
result

u,(o,H) = uz(o,H).

In the case R = R, we are required to do a little more work. The issue in this case is that f = 1 so
there are no nontrivial ideals f' we may take.

In this case, by adding auxiliary primes into R, we are able to show that there exists ¢ € E such
that for each o € G we have

u,(o,H) = eus(o, H).

We then extend the definitions for u; and u, to work with the trivial extension F /F. We note that
this was already done for u, in [8]. In fact, u, is defined for any finite abelian extension H/F.
Furthermore, in [8, Proposition 6.3] it is proved that u,(H/F) = 1 if H has at least two real places.
In particular, u,(F/F) = 1. We also prove that u,(F/F) = 1. By the norm compatibility property
satisfied by u; and u; we have

1=w,(F) = [[ w(o, H) = [] us(o, H) = € [ ] w0, H) = €.

ceCG ceCG ceCG

Thus, € = 1. Therefore, u; = u;.

2 | PRELIMINARIES FOR THE MULTIPLICATIVE INTEGRAL
FORMULA

2.1 | Notation

Recall that we have let F be a totally real field of degree n over Q with ring of integers © = Op. Let
Ep = Oy, denote the group of global units. More generally, for a finite set S of nonarchimedean
places of F we denote by Eg = Ef.  the group of S-units of F. We define

S=1{q: q|qwhere, forsomer €S, t| g} 4

We also let H/F be a totally complex abelian extension containing a CM-subfield. Let | denote
the conductor of the extension H/F. We write E_(f) for the totally positive units of F that are
congruent to 1 (mod f). Write G; for the narrow ray class group of conductor f. Let e be the order
of p in G; and suppose that p® = (7) with 7 =1 (mod f) and 7 totally positive. We write O =
0, — 70, C F}.
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Define A = Ay as the adele ring of F. For a Q-vector space W fix the notation W5 = W ® 7=
W ®q AJ - Here, A% denotes the finite adeles of Q. For an abelian group A and prime number #,
weputA, =AQ, Q,.

Foraplacevof FweputU, =R, ={x € R | x > 0}ifv | coand U, = O} if v isfinite. For a set
S of places of F we let AS denote the adele ring away from S. We also define US = [l,¢s Uy, and
Us = [I,es Uy- We shall also use the notations FS = (A%, x Ug) N F* and F§ = (A3 X Ug) N F*.

Furthermore, for a nonarchimedean place v of F and an integer m > 0 we let Ul()m) denote the
mth higher units, that is, Uf,m) :={x e U, | ord,(x — 1) > m}. If f is an integral ideal and S is a
finite set of places we then put

S ._ ord, (f)
vl = Tu .
VES

Finally, we note that if we have a function f : X — Z,with X C Y and Z an abelian group, then
we can extend f to a function f, : Y — Z by defining

_[ro) ifyex
[ = {0 ey _x ©

we call this the extension of f to Y by 0.

2.2 | Partial zeta functions

For 0 € G = Gal(H /F), we define the partial zeta function

(R(H/F,0,5)= ), Na™. (6)
(a7R2§1

Here, the sum ranges over all integral ideals a C O that are relatively prime to the elements
of R and whose associated Frobenius element o, € G is equal to . The series (6) converges for
Re(s) > 1 and has a meromorphic continuation to C, regular outside s = 1. When the field exten-
sion H/F is clear from context, we drop it from the notation and simply write {3(c, s). Since p
splits completely in H, the zeta functions associated with the sets of primes R and S = R U {p} are
related by the formula

{s(a,8) = (1 = Np~°)r(o, ).

Recall that we have fixed an auxiliary finite set of primes of F, denoted as T, that is disjoint from
S. The partial zeta function associated with the sets R and T is defined by the group ring equation

Y rr(o o= []A =0, INn'=) Y ¢r(o, )07, (7)

ceG neT ceG
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We assume that the set T contains at least two primes of different residue characteristic or at
least one prime 7 with absolute ramification degree at most £ — 2, where 7 lies above #. With
this in place, the values {y, (K /F, c,0) are rational integers for any finite abelian extension K /F
unramified outside R and any o € Gal(K/F). This was shown by Deligne-Ribet [10] and Cassou-
Nogués [1].

Our assumption on T implies that there are no nontrivial roots of unity in H that are congruent
to 1 modulo T. Thus, the p-unit u; in Conjecture 1.1, if it exists, is unique. Note also that our u; is
actually the inverse of the u in [13, Conjecture 7.4]. From Section 3 onwards, for ease of notation,
we fix T = {1} for an appropriate choice of 1.

2.3 | Shintani zeta functions

Shintani zeta functions are a crucial ingredient in each of the constructions we study. We establish
the necessary notation here, following Shintani [15]. In this subsection, we continue to allow any
choice of appropriate T.

For each v € R, we write o, : F — R and fix the order of these embeddings. We can then
embed F into R" by x — (0,(x)),er, - Note that F* acts on R" with x € F* acting by multiplica-
tion by o,,(x) on the v-component of any vector in R". For linearly independent v, ..., v, € R,
define the simplicial cone

r
C(vy,...,0,) = {Zcivi ERY ¢ > 0}.

i=1

Definition 2.1. A Shintani cone is a simplicial cone C(v;, ..., v,) generated by elementsv; € F N
R’}. A Shintani set is a subset of R’} that can be written as a finite disjoint union of Shintani cones.

We now recall the definition of Shintani zeta functions. Let O ,, denote the ring of p-integers
of F. For any fractional ideal b C F relatively prime to S, we letb, = b ®¢_ O, denote the O -
module generated by b. Write f for the conductor of the extension H/F. Let b be a fractional ideal
of F relatively prime to S = {p} UR and T, and let D be a Shintani set. For each compact open
UCF, define, for Re(s) > 1,

¢r(6,D,U,5)=Np™ ' Na™.
aeFND, acU
(a,R)=1, aeb;l
a=1 (mod f)

For a general element z € F* the congruence z = 1 (mod f) means that z — 1 € f{O; N F, where
O; is the f-adic completion of Op. We define {y (b, D, U, 5) in analogy with (7). Suppose that

[Ta-mINg'=) = Y ci(s)lal

ner

in the group ring of fractional ideals with coefficients in the ring of complex valued functions on
C, and define

$rr(8,D,U,5) = D’ co(8)5p(a™"b,D,U, ). (8)
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In particular, if Ny = # and T = {n}, we have
Q‘R,T(Ba Da Ua S) = gR(B7D7 U7 S) - l’ﬂl_ng(Bn_17D7 U7 S)'

It follows from Shintani’s work in [15] that the function ¢y (b, D, U, s) has a meromorphic con-
tinuation to C. We now want to define conditions on the set of primes T and the Shintani set D to
allow our Shintani zeta functions to be integral at 0.

Definition 2.2. A prime ideal s of F is called good for a Shintani cone C if

* Ny is arational prime ¢;
* the cone C may be written C = C(vy, ...,0,) withv; € Oand v; € 7.

We also say that 7 is good for a Shintani set D if D can be written as a finite disjoint union of
Shintani cones for which 7 is good.

Definition 2.3. The set T is good for a Shintani set D if D can be written as a finite disjoint union
of Shintani cones D = | | C; so that for each cone C;, there are at least two primes in T that are
good for C; (necessarily of different residue characteristic by our earlier assumption) or one prime
1 € T thatis good for C; such that Ny > n + 2.

Remark 2.4. Given any Shintani set D, it is possible to choose a set of primes T such that T is
good for D. In fact, all but a finite number of prime ideals with prime norm are good for a given

Shintani set.

We can now note the required property to allow our Shintani zeta functions to be integral at
zero. The proposition below is proved in [4, p. 15].

Proposition 2.5. Ifthe set of primes T is good for a Shintani set D, then
{rr(0,D,U,0) € Z.
We define a Z-valued measure v;(b, D) on O, by
VT(59D9 U) = gR,T(B’D9 U9 O)a (9)

for U C O, compact open.

We are mostly interested in a particular type of Shintani set, one which is a fundamental domain
for the action of a finite index subgroup V' C E_ (f).
Definition 2.6. Let V C E_ (f) be a finite index subgroup (which is necessarily free of rank n — 1).

We call a Shintani set D a Shintani domain for V if D is a fundamental domain for the action of
V on Rﬁ. That is,

R} = |_| eD (disjoint union).
cev
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The existence of such domains follows the work of Shintani, in particular from [15, Proposition
4]. We note here some simple equalities that follow from the definitions. More details are given
in [4, §3.3]. Recall we have written G; for the narrow ray class group of conductor f. Let e be the
order of p in Gy, and write p¢ = (7) with 7 =1 (mod f) and 7 totally positive. We denote by H;
the narrow ray class field of F of conductor f, and by H the maximal subfield of H; containing
F in which the prime p splits completely. Let D be a Shintani domain for E_ (f) and write O =
(9p — 7r(9p. Then,

VT(B,D, @) = §57T(H/F, b, O) = O, a.nd. VT(b,D, Op) = gR,T(Hf/F’ b, 0).
We now give two technical definitions that are necessary in the definition of u;.

Proposition 2.7. Let V C E_(f) be a finite index subgroup. Let D and D' be Shintani domains for
V. We may write D and D' as finite disjoint unions of the same number of simplicial cones

d
p=|Jc, p'={Jc, (10)
i=1

IC=

with le =¢,;C; forsomee; € V,i=1,...,d.

Proof. [4, Proposition 3.15] proves this result when V = E_(f). The proof of this proposition is
analogous. [l

A decomposition as in (10) is called a simultaneous decomposition of the Shintani domains
(D,D").

Definition 2.8. Let (D,D’) be a pair of Shintani domains. A set T is good for the pair (D, D’)
if there is a simultaneous decomposition as in (10) such that for each cone C;, there are at least
two primes in T that are good for C;, or there is one prime 7 € T that is good for C; such that
Ny >n+2

Definition 2.9. Let D be a Shintani domain. If 8 € F* is totally positive, then T is 5-good for D
if T is good for the pair (D, 37! D).

Lemma 2.10 (Lemma 3.20, [4]). Let D be a Shintani set and U a compact open subset of O,,. Let
b be a fractional ideal of F, and let 8 € F* be totally positive so that § =1 (mod f) and ord, () >

0. Suppose that b and B are relatively prime to R and that b is also relatively prime to T. Let q =
B)p %P Then

gR,T(Bq’ D’ U7 0) = gR,T(B’ BD’ IBU’ 0)

We end this section with a lemma of Colmez that allows us to give an explicit Shintani domain.
Let « be, up to a sign, one of the standard basis vectors of R". Note that its ray (aR_ ) is preserved
by the action of R”. We define C,(vy,...,v,) to be the union of the cone C(v,, ...,v,) with the
boundary cones that are brought into the interior of the cone by a small perturbation by «, that
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is, the set whose characteristic function is given by
Iz, r)(x) = hlir(r)1+ Te(oy,. o)X + ha). 1)
We use the usual bar notation for homogeneous chains
[xp | Popa] = (3, X0, X5, 00, X e X ).
Let xy, ..., X,_, € F. We define the sign map § : F" — {—1,0, 1} by the rule
8(xy, ..., X,,) = sign(det(w(xy, ... , X)), (12)

where w(xy, ..., x,) denotes the n X n matrix whose columns are the images of the x; in R". We
adopt the convention sign(0) = 0.

Lemma 2.11 (Lemma 2.2, [3]). Let a be, up to a sign, one of the standard basis vectors of R". Let
€1 > Eq1 € E () such that V = (g1, ...,€,_1) C E.(f) has finite index. Suppose that for all T €
S,_1 we have

0([ezqay | -+ [ E(n—1)]) = sign(2).

Then, the Shintani set

D= U Collecy | -+ | &cguop D

TE€S, 1
is a Shintani domain for V.

For more details on the above lemma, we refer to [2, §1.3]. We note also that another proof of
the lemma is given in [11, Corollary 2].

The existence of Shintani domains follows from the work of Shintani in [15]. In Lemma 4.3, we
show the existence of units ¢, ..., £,_; € E_(f) that satisfy the conditions of Lemma 2.11.

3 | THE MULTIPLICATIVE INTEGRAL FORMULA (u,)

Definition 3.1. Let I be an abelian topological group that may be written as an inverse limit of
discrete groups

I= l(iEIa.

Denote the group operation on I multiplicatively. For each i € I, denote by U; the open subset
of I consisting of the elements that map to i in I,. Suppose that G is a compact open subset of a
quotient of A%.. Let f : G — I be a continuous map, and let u be a Z-valued measure on G. We
define the multiplicative integral, written with a cross through the integration sign, by

j[ f)du(x) =lim [T #0 D e 1.
G

iel,
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Let A be a prime of F such that NA = ¢ for a prime number # € Z and ¢ > n + 2. We assume
that no primes in S have residue characteristic equal to 7. In this section and from this point on,
we take T = {A}.

Definition 3.2. Let D be a Shintani domain for E_ (), and assume that 4 is 77-good for D. Define
the error term

€6, D,7) = [ #COPTPO) e B (. (13)
c€E, (D)

By [4, Lemma 3.14], only finitely many of the exponents in (13) are nonzero. [4, Proposition
3.12] and the assumption that 4 is 7r-good for D implies that the exponents are integers. We recall
from (9) that the measure is defined as

v,(6,eDN7'D,0,) =g 1(b,eDN 7' D, 0O,,0).

We are now ready to write down the conjectural formula from [4]. We note that for any Shintani
domain D we can always choose a prime A that is 7z-good for D. In fact, all but a finite number of
primes will satisfy this property. Henceforth, we can assume that A satisfies the property written
above and is 7r-good for D. We now give the main definition of this section.

Definition 3.3. Let D be a Shintani domain for E , (), and assume that A is 7-good for D. Define

uy, ;(6,D) :=¢(b, D, 7T)7T§R~’1(Hf/F’b’0)][ x dv;(6,D,x) € F,,.
)

As our notation suggests, we have the following proposition.

Proposition 3.4 Proposition 3.19, [4]. The element u,, ;(b, D) does not depend on the choice of
generator 7 of p.

The following is conjectured.

Conjecture 3.5 (Conjecture 3.21, [4]). Let e be the order of p in Gy, and suppose that p°¢ = () with
7t totally positive and m = 1 (mod f). Let D be a Shintani domain for E_(f), and let A be 7r-good for
D. Let b be a fractional ideal of F relatively prime to S and £. We have the following.

L. The element u,;(b,D) € F ; depends only on the class of b € G;/(p) and no other choices,
including the choice of D, and hence may be denoted as uy, ;(cp), where oy, € Gal(H /F).

2. The element uy, y (o) lies in Uy, and uy, 1 (o) =1 (mod 2).

3. Shimura reciprocity law: for any fractional ideal a of F prime to S and to £, we have

up,/l(ffab) = up,/l(o'b)a“-

As we noted in the introduction, this conjecture has been proved up to a root of unity (The-
orem 1.4). We want to state the formula over F; ® Z[G] to match with the cohomological
constructions.
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Definition 3.6. We define

uy= ), u,(6,D)®[o;'] €F; ®ZIG].
beGr/(p)

3.1 | Transferring to a subgroup

In this section, we recall the results [14], which allow us to transfer to a subgroup. Let V be a finite
index subgroup of E_ (). Recall that 7 is totally positive, congruent to 1 modulo { and satisfies
(7r) = p°, where e is the order of p in G;. Let D{/ be a Shintani set which is a fundamental domain
for the action of V on R’i and assume that 4 is 7-good for D{,. As before, we shall refer to such
Shintani sets as Shintani domains for V. Let b be a fractional ideal of F relatively prime to S and
.

We define

u;(V,0p) = uy 1(6, D)) = H egRﬂ(b’eD{/n”_lD{/’OP’O)nngi(b’D{/’OP’O%) x dv; (b, Dy, x),
eV

and write u,(V) = ¥ s u;(V,0) ® [07!].

Proposition 3.7 (Proposition 6.11, [14]). Let K and K’ be two Shintani domains for V and A a prime
of F such that A is -good for K and K'. If 1 is also good for (K, K'), then u,, ; (b, K) = u,, ;(b, K).

LetV c E_ () be afinite index subgroup. The following proposition shows the relation between
u;(o) and u,(V, o).

Proposition 3.8 (Proposition 6.12, [14]). Let D be a Shintani domain for E_(f). Let V be a finite
index subgroup of E  (f). Write g, ..., g, for a Z-basis of E_(f) such that gf L, gsﬁfll is a Z-basis
for V. Define

b—1 b,_;-1

D. = U U g]l gjn—lD

V . 1 .ee n—l .
=0 jn1=0

Then, ifby,...,b,_; > M, where M = M(~x, gy, ..., g,_,) iSSome constant that depends on g, ..., g,_;
and 7 (up to multiplication by an element of E_ (f)), we have

u, (6, D) = uy, 1(b, D)E+DV],

4 | PRELIMINARIES FOR THE COHOMOLOGICAL FORMULAS
4.1 | Continuous maps

For topological spaces X and Y, let C(X,Y) denote the set of continuous maps X — Y. IfRis a
topological ring we let C,(X, R) denote the subset of C(X, R) of continuous maps with compact
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support. If we consider Y (resp. R) with the discrete topology then we shall also write C°(X,Y)
(resp. C?(X ,R)) instead of C(X,Y) (resp. C.(X,R)).

Assume now that X is a totally disconnected topological Hausdorff space and A a locally
profinite group. We define subgroups C°(X, A) C C(X, A) and C(X, A) C C.(X,A) by

C°(X,A) = C°(X,A) + ) C(X,K),
K

C2(X,A) = CAX,A) + ) C.X,K),
K

where the sums are taken over all compact open subgroups K of A. So, C?(X, A) is the subgroup
of C,(X, A) generated by locally constant maps with compact support X — A and by continu-
ous maps with compact support X — K C A for some compact open subgroup K C A. Similarly,
C°(X, A)is the subgroup of C(X, A) generated by locally constant maps X — A and by continuous
maps X — K C A for some compact open K.

The following notation is used in the formulation of u,. Given two arbitary finite, disjoint sets
2., Z, of places of F and a locally profinite group A we put

Cy(E1, A2 = C((AT2)* /U1VE2, A),

where ? € {o, c,0}. Here, for a set of places S, U® denotes the subgroup of A; of ideles (x,), with
local components x, = 1ifv € S, x, > 0if v | o0 and x,, is alocal unitifv € SUR.

We also introduce a generalization of the above notation. For S;, S, disjoint sets of places of F,
let

S1yx

C?(Sla SZ5A) = C"( H Fp X (AFl)I /USIUSZ,A>-
peES;

If S5 is an additional disjoint set of places we also define

C?(Sl,SZ,A)S3 = C,)< H FP X (A?US3)*/US]U52US3,A>.
pes;

4.2 | Measures

We now wish to attach to a homomorphism u : C.(X,Z) — Z[G] an A ® Z[G]-valued measure
on X for any abelian group A and finite abelian group G. We write the group operation of A
multiplicatively. First, we note that u can be uniquely extended to a homomorphism of Z[G]-
modules u : C.(X,Z[G]) 2 C.(X,Z) ® Z[G] — Z[G]. By tensoring y with the identity map on
A, we obtain a homomorphism of Z[G]-modules

a1 CX,2) @ (A® Z[G)) = CUX, A® Z[G]) » A® Z[G]. (14)
To write this map explicitly, we first note that the isomorphism in (14) is given by

f®am— a- f, with inverse g — Z (x ® g,),
aeARZ[G]
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where g,(x) =1 if g(x) = o and 0 otherwise. Here, we have f € C.(X,Z), « € A® Z[G] and
g € C2(X, A ® Z[G]). Thus, the homomorphism 1, is given by

pal) = Y <Z Zai‘°("°‘)®or>,

aeAQZ[G] \o€CGTECG

where o = Y o, @ T, u(9,) = Y seq Mo(9e)lo] and g, is as defined before. If A is profinite we
can consider the homomorphism

My = h?m/xA/K : 1(1KECC(X,A/K ® Z[G]) » I‘IKEA/K ® Z[G] = A ® Z[G]
where K ranges over the open subgroups of A. Since C.(X, A ® Z[G]) C @K C.(X,A/K ® Z[G)),
we see that u, extends canonically to a homomorphism C.(X, A ® Z[G]) - A ® Z[G] (which we
denote by u, as well). For a general A (not necessarily profinite), we have seen that u induces a
homomorphism C.(X,K ® Z[G]) — K ® Z[G] for every compact open subgroup K C A. Com-
bining these maps we see that x induces a canonical homomorphism u, : CJ(X,A ® Z[G]) —
A ® Z|G]. Define the set of A ® Z[G]-valued measures on X to be

Meas(X, A ® Z[G]) = Hom(C:(X,A ® Z[G]), A ® Z[G]).

The map u — u, defines a homomorphism Hom(C.(X, Z[G]), Z) - Meas(X, A ® Z[G]).

In practice, we apply certain specialisations of the general construction above. In the defini-
tion of u,, we construct u € Hom(C.(X, Z), Z) rather than in Hom(C,(X, Z), Z[G]). We include
Hom(C.(X, Z), Z) into Hom(C,(X, Z), Z[G]) by the map

i+ Hom(C.(X, Z), Z2) - Hom(C (X, 2), Z[G]), 4 (u)(f) = u(f)lid],

for f € C.(X, 2).
In the definition of u;, we have a measure on A rather than on A ® Z[G]. We include Cg(X ,A)
into C2(X, A ® Z[G]) via the map

L1 CIX,A) - CCX,AR ZIGD,  »()(x) = f(x) ®idg,

for x € X.

4.3 | Eisenstein cocycles

We now define the Eisenstein cocycle. The cohomological constructions u, and u; require
different variations.

Let E_ (), denote the group of totally positive p-units of F that are congruentto 1 (mod ). The
abelian group E_ (f), is free of rank n. For x4, ..., x,, € E(f),, a fractional ideal b coprime to S and
¢, and compact open U C F,,, we put

Ve 01, e, X)(U) = 81, e, %) R 2 (0, Coy (X1, 0, X,), U, 0),

Here, the Shintani zeta function is defined in (8), § is defined in (12) and Eel(xl,...,xn) is

defined in (11). Then, ‘UE, ,isa homogeneous (n — 1)-cocycle on E +(f)p with values in the space of
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Z-distributions on F,,. This follows from [2, Theorem 2.6]. We obtain a class

co{w1 = [v;l] € H""Y(E,(),, Hom(C.(F,, 2), 2)).

Remark 4.1. The function vgl(xl, ..., X,) is viewed as an element of Hom(C,(Fy , Z), Z[G]) via
’ p
the following canonical integration pairing:

G [ o = lim 3 )

Vil &,

where the limit is over increasingly finer covers V of the support of f by compact open subgroups
Vc Fsp and t, € V is any element of V.

‘We also define

coi/1 = Z recH/F(b)cu;‘ij1 € H”_l(EJr(f)p,Hom(Cc(Fp,Z),Z[G])), 1s)
[b]€G;/(p)
where the sum ranges over a system of representatives of G;/(p). This construction is adapted
from the construction of cui ,in [9, §3.3].
We write W for F considered as a Q-vector space, and W = W ®g R. As before, let 1 be a
prime of F such that NA = ¢ for a prime number # € Z and ¢ > n + 2. We assume that no primes

in S have residue characteristic equal to £. Let W, = W ®¢ Q.
Define ¢; € C.(W,,Z) by ¢; = 19,0z, — ¢ l1gz, thatis,

¢/1(U) =41-7¢ ifvei ® Zf, (16)
0 lfUEVf—(0F®Zf)

By fixing an ordering of the infinite placesv € R, we fix an identification W =~ R". We define
Ff as in Section 2.1. If D is a Shintani set and ® € C.(W35, Z) then, following [8], we define the
Dirichlet series

L(D, ®;s) = Z ®(L)N(v)%. (17)

vewnD

It is known to converge for Re(s) > 1 and extend to the whole complex plane except for possi-
bly a simple pole at s = 0. Moreover, if D and ® are as given in the following proposition then
L(D, ®; s) is holomorphic. We remark that the set S does not appear in the definition of this Dirich-
let series. In the following proposition, we will decorate the L-function with A since the choice of
® incorporates 4 into it.
Proposition 4.2. Letw,,...,w, € Ff Foramap ¢ € C.(Ws, 2), let

Eis). (@1, ., 0,)(@) = 8(@1, e, @)L (C (@100, @), D3 0),

where ® = ¢ ® ¢;. Then, Eis), , is an F’,-homogeneous (n — 1)-cocycle yielding a class

Eis?,, L € H'(F?, Hom(C.(W3¢, 2), 2)).



ON THE EQUALITY OF THREE FORMULAS FOR BRUMER-STARK UNITS | 15 of 44

Proof. This proposition follows the combination of [8, Definition 4.5] and [8, Lemma 5.1]. O

We note that in [8] a more general cocycle Eis%’ 1o is constructed. Here, v € R, is a fixed infinite
place. We explain the context of this now. For a subgroup H C F*** and an H-module M, define
M(6) = M ® Z(5). Thus, M(5) is the group M with H-action given by x - m = §(x)xm for x € H
and m € M. Then, Eis%’ 10 € H"Y(F/, Hom(C.(Ws,, Z), Z)(6)) and we have the equality

0

Fu,t) . _ )
resFi (EISF,/I,U) = ElsF’l.

4.4 | Colmez subgroups

In the definitions for the Eisenstein cocycle and its variants the sign map & appears. For the explicit
calculations, we want to perform later it is convenient if we can work with a finite index subgroup
V C E,(f) such that V = (g;, ..., g,_;) and that we are able to choose 7 such that, after writing
9n =70,

* fort € S, we have 6([g;1) | = | gr(n—1)]) = sign(z).

We refer to such subgroups as Colmez subgroups. We define
Log : R} = R", (xq,...,x,) = (log(xy), ..., log(x,)).

Let H C R" be the hyperplane defined by Tr(z) = 0. Then, Log(E, (f)) is a lattice in H. If z =
(21, 2,) € R} and Log(z) € R" is not an element of , then we define the projection

1
ZH = (Zl ...Zn)_; - Z.

We have Log(z;,) € H. Note that z and z;, lie on the same ray in R”. For any M > 0 and i =
0,1,...,n — 1, write [;(M) for the element of H which hasvalue M in the (i + 1) placeand —-M /(n —
1) in the other places. We endow R" with the sup-norm. We denote by B(x, r) the ball centered at
x of radius r.

The following lemma, which builds on [3, Lemma 2.1], allows us to find a collection of possi-
ble subsets V' = (g, ..., g,_1) such that we get a nice sign property that allows us to more easily
explicitly calculate the Eisenstein cocycle.

Lemma 4.3. There exists R, > 0such that forall R > R;, M > K, (R) (where K, (R) is some constant
we define that depends only on R) we have the following: fori =1,...,n —1let g € E (f) and g, =
9 € myE (f) such that Log(g;) € B(I;(M), R) and Log(yg,.) € B(l,(M),R). Then

* (915> 9n_1) € E.(f) is a finite index subgroup, and furthermore
* Fort € S, we have 6([g;1) | ** | 9r(n—1)]) = sign(z).

Proof. This proof largely follows the ideas of Colmez in his proof of [3, Lemma 2.1]. First, note that
both Log(E, (f)) and Log(7r3,E . (f)) are lattices inside H. There exists a constant R; := R(E_(f), 7)
such that for all M > 0 and any r > R(E_.(f), ) there exist ¢, ..., g,_; € E.(f) and ¢, € 7 E, (f)
such that Log(g;) € B(l;(M),r) fori =1,...,n — 1 and Log(g,.) € B(l,(M), r). The existence of R,
follows from Dirichlet’s unit theorem and, in particular, the non-vanishing of the regulator of a
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number field. Since the [;(M) form a basis of H, the Log(g;) form a free family of finite index in
Log(E,.(f)), if M is large enough relative to , say M > k(r). This gives the first point of the Lemma.
It remains to show the second point.
Now, take M satisfying:
i) M >2(n-1%,
ii) M > (n—1)*log(n!),
iii) M > k(r).

For simplicity, let K;(r) = max(2(n — 1)*r, (n — 1)?log(n!), k(r)) so that we only require M >
Ky (r).

Write g, = g, and let 7 € S,,. Denote A, = det([g,(1) | *** | gr(4—1)])- We show A, > 0. If 7 fixes
n then this calculation is covered by the proof of [3, Lemma 2.1].

Suppose 7 is the transposition which swaps n — 1 and n. Then, A, = det([g; | =+ | 9,5 | 9,]-
Put E; = exp(M(1 — E)) and F; = exp(—M(%)). Hence, the matrix given by [¢; | = | g,—2 |
g,,] is written as

1 Bk, BisFs o BrpaFao BinEn

1 Bk, BasEs o PBon-1En BanEn

1 B3k, BssEs o Bop-1En BsnEn

1 ByoF, BasFs o PBopn-1En BsnEn |5
1 ﬁn—l,zFZ :Bn—l,SFS ;Bn—l,n—lEn—l ﬁn—l,nEn

1 ‘Bn,ze ;Bn,SF3 ‘Bn,n—an—l :Bn,nFn

where by i),

=M _ M
e2(n—1)3 < ﬁi,j < e2(n—1)3 .

Expand A, and isolate the term given by the entries with coordinates (1,n),(2,2),...,(n —1,n —
1), (n,1). Using the bounds we defined previously we obtain

nM e M M(E-1)
|8, —e2 By, [ Bus 1< (! = Ve MG

i=2
and so
nM =M _ (—M___nM,y
AT = eT(e2<n—1>2 — (nl — 1)6 2(n-1)2 n-1 ) >0
according to ii). We then show the other required sign properties in the same way. O

It is required in our later calculations to make the following sign calculation.

Lemma 4.4. Fori=1,..,n—1let g; € E () be chosen as in Lemma 4.3. Write S for the n X n
matrix with rows Log(g,), ..., Log(g,,_1), Vo where vy = (1, ...,1) € R"™. Then, if M > 4(n! — 1)R, we
have

sign(det(S)) = (—1)""L.
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Proof. We have

M M M
- B M+ B, —gthis - gt B

M M M
—— +hu —— +h M+, v T+ B

M M M M

s=| Tnx ™ B3 ———+Fy T tPBs o ot Baa ’
M M M
= +Bu1 T tBue T B - MAS g,
1 1 1 1

where —R < f8; ; < R. We now subtract the first column from each of the other columns and
expand the determinant along the bottom row. This gives, after letting B; ; = §; j — B; 1,

M
= +By, B3 By,
B M 1B, .. B
detS = (=1)""1 det 22 ne1 T TR A (18)
M
By12 By12 = +B,_1,

Write S’ for the matrix in (18) and note that —2R < B;j <2R, foralli,j=1,..,n—1. When
expanding the determinant of S’ and isolating the diagonal terms using the bounds from before,
we observe:

n—1

n—2
det(s) - [ (n”f/ll + Bi’i+1> <@ — 1)2R< n”ﬁ/ll ¥ 2R) .
i=1
Thus,
nM n-1 nM n—2
detS’ > ( - 2R> —(n! - 1)2R< + ZR) .
-1 n—1
Since we have assumed M > 4(n! — 1)R we have
n—1 n—2
ders'> (M _ M\ (o
n—1 2n'-1) 2\n—-1 2(n!'-1)

It thus remains to show that for n > 2 the following holds:

n 1 n-l1 1 n 1 n—2
<n—1_2(n!—1)> _§<n—1+z(m_1>> >0 (19

First, one can see by calculating that the inequality holds for n = 2. Remarking that as n increases
the difference between the two terms in brackets decreases, gives that the value of the left hand
side of (19) must increase with n. Thus, (19) holds. O

We now let K,(R) = max(K;(R),4(n! — 1)R) so that both Lemmas 4.3 and Lemma 4.4 hold if
M > K,(R).
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Corollary 4.5. Let r > 0 be an integer, D, an r X r diagonal matrix with positive entries, A €
M,.(R) and S as in Lemma 4.4. Then, the block matrix

has determinant of sign (—1)"~1(—=1)" (=1,
Proof. Writed,, ..., d, € R, for the diagonal entries of D, . Using cofactor expansion with the last
r columns of B one can see that the determinant of B is equal to
r r
det(S) ] (-1 =+0D) = det(s)(-1y D [ d.
i=1 i=1

Using Lemma 4.4 and the fact that the entries of D, are positive, the result follows. 1

We recall the definition of k(r) from the proof of Lemma 4.3 and note the following lemma.

Lemma 4.6. We can choose k(r) = Kr where K is some constant that does not depend on r. That
is, supposer > R; and M > Kr, iffori = 1,...,n — 1, we have g; € E_(f) with Log(g;) € B(l;(M),r)
then the Log(g;) form a free family of finite index in Log(E_ (})).

Proof. We begin by noting that the result is trivial if n = 2. Suppose that n > 2. We claim that it is
enough to take K = 2(n — 1). Foreach i = 1, ...,n — 1, let Log(yg;) € B(I;(M), r). We then write

Log(g;) = (o;(1), ..., a;(n)) € H.
It is enough to show that the Log(g;) are linearly independent under the projection
¢:H - R

(otg, ey ) > (0, e, Oy q)

By the definition of [;(M) and our choice of r it is clear that
a(j)>0ifj=i+1 and o;(j) < 0 otherwise.

We note that «,,_,(j) < 0 for all j. It follows immediately that the vectors

®(Log(g1)), - » p(L0g(g,,-1))

are linearly independent. Thus, the Log(g;) for a free family of finite index in Log(E, (f)). O

It follows from the above lemma that if M > K,(R) then for any A > 1 we have that AM >
K,(AR).

Lemma 4.7. Let R, > 0 be as is shown to exist in Lemma 4.3. There exists

1. R;,R, >R,
2. My > K,(Ry) and
3. M, >K,R,),
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such that we have the following. First, for i = 1,...,n — 1 we can choose f;, g; € E_(f) such that
Log(f;) € B(l;(M), R) and Log(yg;) € B(l;(M ), R). Furthermore, after writing

Vi={fr,fno) and V=g, 9,_1)

we have that [E_(f) : Vf] is coprime to [EL(f) : V.

Proof. We first choose the f; € E, (f) via Lemma 4.3 and Lemma 4.4, and let V; = (fy, ..., f,_1)-
That is, we have Log(f;) € B(li(Mf), Rf) for some R >R, and My > Kz(Rf).

By writing the matrix representing the generators we have chosen for V' in an upper triangular
form, we can make the following choice of generators of E_ (). Let (5, ..., 6,,_;) = E_.(f) such that
forsomet € S,,_; we have,fori=1,..,n—1,

i—1
o TT <bi)
fT(i)zai I |5] j’
J=1

and [E,(f) : V] = H::ll | a; |. By changing the sign if necessary we choose a; > 0. Furthermore,
we note that changing the values of the b; ; in the choice of V; does not change the index of
the subgroup.

For ease of notation, let a = H::ll | a; |. For i = 2,...,n — 1 there exists R,;>0 and M,; >0
such that for all M > M ;, there exists a € E, (f) with Log(a) € B(l;;(M), R, ;) and

i—1 K
o =5% Ha.f,
i J
Jj=1

with g; a nonzero integer with absolute value coprime to a. We note that this is only possible for
i > 2 since we require the freedom of having at least one additional component we can vary.

We now consideri = 1. We have Log(f7(1)) = Log(Sfl) € B(ll(Mf),Rf). Therefore, any q; > a;
we have Log(5fl) € B(q—lll(Mf), ﬂRf).

4 qQ

Now, let R = max(Ry, R, ..., R, ,_1) and M| = max(M,,,,...,M ,_,). We now find q, > a,

which is coprime to a and such that LM, > M’ and LR, > R’.
a f g a; ! g

g,i?

We now fix Rg = ﬂRf and Mg = q—le. Clearly, Rg > R, and it follows from Lemma 4.6 that
a; a;

M, > K,(R,). We then choose g,(;) = 5‘1]1, it is immediate that Log(g,(;)) € B(l;(M,),R,). Fori =
2,...,n — 1, we have shown that there exist g.;) € E,(f) with Log(g,(;)) € B(l;,(M,),R,) and

i-1
, k;
(i) = 5?1 Hajj,
j=1
with g; a nonzero integer with absolute value coprime to a. Let V, = (gy, ..., g,_1), the result
follows. O
4.5 | 1-Cocycles attached to homomorphisms

Letg: F ; — A be a continuous homomorphism, where A is a locally profinite group. We now
define a cohomology class ¢, € H 1(F*,CC(F],,A)) attached to ¢. The F;-action on CC(F;, Z)is
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defined by (xf)(y) = f(x~'y). The following definition is due to the third author and first appears
in [16, Lemma 2.11]. This definition is crucial in making the constructions of the first and third
author’s and cohomological formulas’ work. We also remark that the definition is unusual in that
it appears as though the cocycle z, should be a coboundary. However, it may not be a coboundary
since g does not necessarily extend to a continuous function on F),.

Definition 4.8. Letg : F ; — A be a continuous homomorphism, where A is a locally profinite
group. Let f € C.(F,, Z) such that f(0) = 1. We define ¢, to be the class of the cocycle

2y, F} = Cu(Fy, A)
defined by z; ,(x) = }(1 — x)(g - f)", or more precisely

zp ()W) = (xHW) - 900) + ((f —=xf) - 9)») (20)
for x € F;j andy € F,.

The second term in (20) is allowed to be evaluated at 0 € F), since we can extend continuously
the function from F; to Fy, as

(f —xf)0)=0.

The class ¢, = [zf,g] (S Hl(F*,CC(Fp,A)) is independent of the choice of f € CC(FP,Z) with
f(0) = 1. In particular, we can consider the class ¢,y € H'(F¥,C,.(F v F ;‘)). For more details on
this construction, see [8, §3.2] and [9, §3.1].

4.6 | Homology of a group of units

Let V C E, be a finite index subgroup. Recall we have written G; for the narrow ray class group
of conductor f. Let e be the order of p in Gy, and write p¢ = () with 7 =1 (mod f) and 7 totally
positive. Write V\, = V @ (7).

By Dirichlet’s unit theorem, the group V), is free abelian of rank n. Thus, the homology groups
H,(V,, Z) are free abelian of rank 1. In the comological formulas u, and u;, we are required to
choose a generator of this homology group. For these two invariants, we will be working in the
cases V = E_ and V = E (), respectively.

Write V = (g, ...,&,_;). For ease of notation, write 7 =¢,. We then choose the following
generator for the group H,(V),, 2),

My =4 Y, sign(@lec) | | em] ® 1. 1)

TES,

Here, u € {1, —1} and is equal to the sign of the determinant of a specific matrix. For x € Ep’ o let

L(x) = (log(g,(x)), ..., 10g(g,(x)), ord,,(x)).
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Define L, € R" to be the vector with 1 in the first n components and 0 in the last component.
Then, u is the sign of the determinant of the matrix with rows

L(m),L(¢;), ..., L(€,_1), L;.

This choice generalizes that given in [17, Remark 2.1].

5 | COHOMOLOGICAL FORMULA I (u,)

This section follows the construction given in [8, §3.1]. For ease of notation and to reduce the
exposition of this section, we give a simpler definition for u, than appears in [8, §3.1]. In particular,
we do not involve the infinite places in the construction we give. For our purposes, this definition is
enough and it simplifies the arguments in Section 7. Throughout this section, we use the notation
established in Section 4.1.

Let 7, be the generator of Hn(Ep, +»Z) defined in (21) and let 7 be a fundamental domain

for the action of FJ’“:)/EP,+ on (Aﬁ’f’w)*/U"f"”. Then, 15 is an element of HO(EP,+,C(T’, 7)) =
C(F,z)P»+. Taking the cap product gives 1, N1y, € Hy(Ey ,C(F,2)). We now define 9% €
H,(F*,C.(8, Z)*">*) as the homology class corresponding to 1 N 1, under the isomorphism

H,(E, ,.C(F,2)) = H,(F,C.(A}"®)* /UM, 7)) (22)

that is induced by C (A% /UP**, 7) = Ind,, . C(F,2).

We now follow the construction of [8, §6]. Slnce the local norm residue symbol for H/F at p is
trivial we omit it from the reciprocity map, that is, we consider the homomorphism

rech’ L (AR /URP - G & Z[O), x=(upp =[] CuH/F),
VE{P,LUR

LetR’ = R — R,. We can view rec;j}: as an element of H(FZ, C.(R’, Z[G])**>*®) and denote by

pr/r € Hy(FS, C(R', Z[GDP")
its image under the map
HO(F?,C(R', Z[G)*">®) = H,(F%,C.(R, Z[G])*"™), ¥~ pns’.
Here, the cap product is induced by the map
C°(R, Z[GDP"® X C(B, Z2)° — CJ(R, Z[GHP®,  (h,$) = Y- ¢, (23)

here 3 - ¢ denotes the function xUR UP£:} s yh(x UR'VIPL ool (x UP).
For a locally profinite abelian group A, we have a canonical map

Ci(Fy, A) ® C.(R, Z[G]P"® - C2(p, R, AQ Z[G])"™>, (f,9)~ f®y,
which induces a cap-product pairing

H'\(F*,C2(Fy, A)) X H,(F*,C.(R', Z[G)*"*) - H,_,(F*,C:(p,R, A ® Z[G])"™).
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In particular, we can consider
¢ia N Pryr € Hy(F", CI(p, R, Fy ® Z[G])"*).

Here, ¢;q is as defined in Definition 4.8. Recall that we write W for F considered as a Q-vector
space. In [8, §5.3], the following map is defined as

A, H,_y(F{,C(p,R',Fy ® Z[G])™) = H,_y(F},C{(Wy¢, Fy ® Z[G])).

We postpone giving the definition of A, until the next section.
Now consider the canonical pairing, where we recall the definition of Mz from Section 4.2,

Hom(C.(Wy¢,2),7) x C;(We, F;‘ ® Z[G]) » F;‘ ® Z[G], (W, f)+ Ky ). (24)
Noting that F i isacting trivially on F ; ® Z[G] we see that (24) induces, via cap-product, a pairing

N H'N(FL, Hom(Co (W, 2), 7)) X Hyy(FS, C2(W3e, Fy ® Z[G]) = Fy ® ZIG]. - (25)

0
F.A°

cocycle Eisg , and A, (c¢jg N py/p) We obtain the element of F;‘ ® Z|G], defined in [8, §3.1].
Therefore,

Recall the Eisenstein cocycle, Eis;, ,, from Proposition 4.2. Applying (25) with the Eisenstein

u = u(S,2) = Y uy(0) ® [07"] = Eis. N A, (cig N pr ). (26)

oceG

The first and third authors then conjecture that the element u,(o) is equal to the image of the
Brumer-Stark unit in F; under o. We end this section by stating some known properties of this
construction.

Remark 5.1. As noted at the start of this section, the definition of u, given above is equivalent to
that given in [8, §3.1]. This follows from standard properties of the cap-product.

Proposition 5.2 (Proposition 6.3, [8]).

a) Foro € G we have ord,(u,(0)) = (g (0, 0).
b) Let L/F be an abelian extension with L O H and put g = Gal(L/F). Assume that L/F is
unramified outside S and that p splits completely in L. Then, we have

u@= [] w@/Fo.

TE€Q,T|y=0

¢) Let t be a nonarchimedean place of F with v & S U T where T is as defined in (4). Then, we have

u,(S U fr},0) = uy(S, 0)uy(S, 07 o) 7

d) Assume that H has a real Archimedean place. Then, u,(c) = 1 forallo € G.
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e) Let L/F be a finite abelian extension of F containing H and unramified outside S. Then, we have

rec, (u,(0)) = H £4srL/Fe710)
r€Gal(L/F)
7|g=0"1

Remark 5.3. In the proposition above, we correct a small typo in [8, Proposition 6.3, c)] by replacing
o, with o1,

51 | ThemapA,

We now define the map A,.. For more information and the more general construction, we refer to
[8, §5.3]. Throughout this section, we let A = F ; ® Z[G] to ease notation. For sets X;,X, and a
map ¥ : X; XX, - A, we write

Supp(Xy,X,, %) 1= {x; € X; | I x, € X, with (x1,X,) € supp()},
where supp(z) is the support of 3.

Proposition 5.4. Let X, X, be totally disconnected topological Hausdorff spaces, with X, discrete.
Let A be a locally profinite group. The map

C.(X1,2) ®, C2(X,, A) = C2(X, X X, A), @27)

F®g = ((x, %) = fx1) - 9(x,))

is an isomorphism.

Proof. 'We calculate the inverse map as follows. For i € CJ(X; X X;, A), we write Y, (¥) =
Supp(X;,X5,%) C X;. Note that Y, () is finite since 1 has compact support. Then

¢ = z ]]y ®Z lp(y’) ecc(X17Z) ®Z Cz(XZaA)
YEY (%)

provides an inverse to (27). ]
We now construct the Ff;—equivariant map
. f’ ~
A CC({pL R, A — CHAL®, A) = CX(Wy, A). (28)

Recall that we have written S’ = R’ U {p} and A?‘X’ =~ W5,. There exist canonical homomor-
phisms

ce <F;, <[] F:;,A> ® C.(1,2)5 V" — C({pL R, A, (29)
qER’

Cg< I Fq,A> ® CL(ATV,7) = C2(AL™, A). (30)
qes’
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It follows from Proposition 5.4 that the map (29) is an isomorphism. Let 15'V¢ denote the group
of fractional ideals of F that are coprime to S’ U #. Since (AIS,,UK’”)* JUS'V7 s isomorphic to
15’V thering co(, 7)S'V7 can be identified with the group ring Z[I5'V]. We define (28) as the
tensor product A = i @ ISV where i : C(F, X [oer Fi» A = C2(ITyes Fq» A) is the inclusion
map induced by extension by 0 and IS'V : Z[15'V/] > CC(AIS?’UK’“’, 7) maps a fractional ideal
a € I5'Y to the characteristic function of @'V = a(Hpgzs'uf O,). Considering the map in (30)
completes our construction of A.

6 | COHOMOLOGICAL FORMULA II (u;)

In [9], the first and third authors give two equivalent constructions for their formula. In this work,
we only require the construction given in [9, §3.3], which we denote by u;. We refer readers to [9,
§3] for the other formula.

Recall that in Sections 4.5 and 4.3 we have defined the following objects:

ca € H'(F},C(F), Fy)) and  wf, € H"(E,(f),, Hom(C (F), 2), Z[G])).

Definition 6.1. Let NpE () € H,(E,(Py, Z) be the generator defined in (21). Then, we define
uy 1= (1" (eq N (@], N0y e, ) € Fy @ Z[G. (1)

As noted in the introduction, we have modified the definition from [9] by multiplying by
(=1)"*1, namely, if we let u; be the element defined in [9] then u; = (—1)”+1ug. Adapted from
[9, Conjecture 3.1] we have the following conjecture.

Conjecture 6.2. We have u; = u,,.

6.1 | Transferring to a subgroup

Let V' be a finite index subgroup of E_ (f) and b a fractional ideal coprime to S and 7. Let 7, , €
H,(V @ (), Z) be the generator defined in (21). For X, ..., x,, € V @ () and compact open U C
F,, we put

Vh Ly (s X )(U) = 80k, e, X )R 2(B, C (X1, %), U, 0).

Asbefore, it follows from [2, Theorem 2.6] that vg I isahomogeneous (n — 1)-cocycleonV @ ()

with values in the space of the Z-distribution on F b Hence, we obtain a class

p

oy = b, 1 € H''(V @ (x), Hom(C,(F), 2), 2).

b4V

We then define

MS(V’ Ub) = (—1)n+1(Cid N (wfp,B,/l,V N np,V))a
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and write

us(V) = Y u;(V,0)®0 € F}; @ Z[Gl.

ceCG

The next proposition shows the relation between u; and u;(V). Here, we adopt the convention
that for an element x = Z,c5x, ® 0 € Fy ® Z[G] and k € Z we write

xk = Zxﬁ@oeF;ﬁ@z[G].

oeG

Proposition 6.3 (Proposition 6.12, [14]). Let V be a finite index subgroup of E . (f). Then, we have

[E+(:V]

us;(V) = u, . (32)

6.2 | Explicit expression for u,

For later calculations, we require an explicit expression for u;(V') for an appropriate choice of
V C E (). Let V be a finite index subgroup of E (f) such that V = (¢, ...,&,_; ), where ¢, ... ,,_;
and 7 = ¢, are chosen to satisfy Lemmas 4.3 and 4.4. Fori = 1, ..., n write

B; = U Cel([gf(l) [ | Ef(n—l)])'
TES,
t(n)=i
Let B = B,.
Lemma 6.4. LetV be a finite index subgroup of E () such thatV = (ey, ... ,€,,_1), whereey, ... ,€,_;

and m = ¢, are chosen to satisfy Lemmas 4.3 and 4.4. Then, for o € G, we have

n—1
b,5;, K
wy(V,0) = [] 7 O)ﬂngl(h’B’OP’o)j[ x d(¢g (B, B, x,0)(). (33)
i=1 (@)

Here, fori =1, ...,n, we write

B; = U Eel([&'fu) [ | eunD
TES,
(n)=i

and let B = B,,.
Proof. Recall we write Vp =V & () and, asin (21), choose the following generator for H n(Vp, Z),

Ny = (=1) Y. sign(Dle;q) | = | &) ® 1.

TES,

Let 0 € G and b a fractional ideal coprime to S and £ such that ¢ = oy. Recall,

u3(V,0) = (1" (g 0 @Fg 1y N 70))-
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We calculate

n
Wy Ny = (1" 21 ZS sign(@, () | | €xun) @ [£1]
=1 75,
t(n)=i

We recall the definition of w:b ;. from Section 6.1. For 7 € S, and a compact open U € O,,, we
have

Sign(f)a){b,l’v([g‘[(l) | o | Ef(n—l)]) = gR,/l(b9Ee1([Ef(1) | | Ef(n—l)])’ U’ O) (34)

Returning to our main calculation, using (34) we have

n
CigN (CUEM’V N7yy) = (="t Z Z /F Zig(e)(x) d(giSg 1 (0, C, ([e(1y |+ | €x(n—1y])> X, 0))
i=1 €S, P
t(n)=i

=Dy Y / £ 2ia(e)(x) d(Cr 2 (6, Co ([er(ry |+ | Exnopy])s X, 0)).
i=1 reS, 7 Fp
t(n)=i

We note that taking the cap product gives another factor of (—1) which cancels the factor from
before. One can easily compute, as is done in the proof of [9, Proposition 4.6], that fori = 1,...,n +
r—1,i#n

& ' Zia(&) = 10, " & (35)
and

alz(m) = 1g - idF; +1g, - 7 (36)

Here, we recall the F ;-action on C.(F ;, Z) from Section 4.5. Applying (35) and (36) and piecing
together the appropriate Shintani sets we further deduce

G N (@, N7p) = <—1>"+1]é (65,500 7 u(6,5,2,0)
v

n—1
H][ § d(gR,A(B’ Bi’ X, O)) (37)
i=1 77.’(.‘)‘J

It is clear that we can then write

u;(V,0) = (=1 (cyg N (w{b’l’v D)

n—1

b,B;,70O,,,
= [ e nbs 5Ok e dty 06,5, x, 00
(8]

i=1
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7 | EQUALITY OF u, AND u,
In this section, we prove the following theorem.
Theorem 7.1. We have u, = us;.

In order to prove the above theorem we require the following lemma which records useful
functorial properties of the cap-product.

Lemma 7.2. Let G be a group, H C G a subgroup and lett : H < G denote the inclusion map. Let
A, B, C be G-modules, A’,B',C’ be H-modules and suppose

€:AXB—C, (resp.¢’ : AxB' = (')
is a G-equivariant (resp. H-equrivariant) pairing inducing the cap-product pairing
n=n. : H(G,A)x H;(G,B) -» H; G,C)
(resp.n=ny : H'(H,A")x H;(H,B') > H;_;(H,C")).
Leta : A— A", : B > Bandy : C' - C be H-equivariant maps such that
e(a,B(0")) = y(e'(a(a),b")) Vae Ab' €B.
The maps t, a (resp. t, 8) induce a homomorphism
ri(a) = a,orest: : H'(G,A) —» H'(H,A")
(resp. c(B) = coriop, : H;(G,B") — H;(H,B)).
Then for a € H(G,A) and b’ € H;(H,B') the following formula holds:
an, B = (@) a) N b).
We modify the map A, by omitting the place p as well to obtain a Fi—equivariant map
AP 1 COR, Z[G)P® — COAY ™, Z[G)).
As before, the map A¥ induces a homomorphism
P ¢ £,00 ¢ ~0fp P
AV * Hn(F aCE(R’aZ[G])p ) - Hn(F ’CC(AF 007Z[G]))
The natural pairing
Co(Fy, F) X CUAR"™, Z[G]) » CUAL™, F; ® ZIG])
induces a cap-product pairing

0,00 )
H'(FY, Co(Fy, F) X Ho(F7, CAAY", Z[GD) = H,_y(F, CUAL™, F} ® Z[G).
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It is straightforward to see that we then have the equality

uy = Bis? ;0 (cia N A (ogy/p))- (38)

We are now ready to prove the main theorem of this section.

Proof of Theorem 7.1. Let F C (Ag’f’m)* / Ufp / pe a fundamental domain for the action of
F f /E(P)y. Consider the E (f),-equivariant map

jrz- CC((Ag’”’”)*/Uf'f'“,z), 11,

Letnpe ¢ €H W(E +(f)p, Z) be the generator defined in (21) and let Sfp be the image of the class
Mp.E, () under the map

F . ¢ P.C,00Nx P, 00
cEi(f)v D Hy(B, (y: 2) = Ho(FLL C(AL%) /U, 7).

Here, this map is induced by the map j, defined above. Let 7 : CC((Alﬂ’f’w)* /U;J f""’,z) -

CC((Alﬂ’f’m)* /UP?-_7) be the natural projection and write

L CUARTY /UM 2, 2) = CAY ) /UM, 1), ¢ = o
for the induced map. Using the fact that corE"’Jr (np) = ny g, (5 One can observe that
RGN P.Ey

(%) = 9;“, (39)

p,Z,00

(for more details we refer to the proof of [12, Lemma 5.1]). Note that the reciprocity map recy; i

factors through (/—\?’f"x’)* / U? " to distinguish it from recz’jf’ we write

p.0,0 P,Z,00\% p,£,00 «
1recH/F’f : (AF )*/Uf - G < Z[G]".

As before we can view recz’jﬁ? as an element of H(F?, C((AE’K’“’)* / U? “% 7[G])). By (39), we

have the equality
p _Ab p,Z,00 P
A*(PH/F) - A*(reCH/F,f N 'Sf ) (40)
Here, the cap-product is induced by the pairing
CUAY ™) JUP", ZIGD) X C(AY" )" /P, 2) — C((A}" ) /UP", Z[G)),
(¢.9) > ¢OY.

Forany b € (Ag’f’m)* we define maps

. ’, 2
Jb 1 Z = CLAT) UM T, 2), 1 nbUfp,f,oo
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ev, 1 C((AR )" /Uf"f’“’,z[c]) - 7[G), o~ qo(buf*’f’m).
Note that for everym € Z and ¢ € C((Alﬂf’m)*/Uf‘”f’w, Z[G]) we have
Jp(m) © @ = j,(m - evy(@)). (41)
Let 19;; € H,(F, CC((A};’/M)*/U?’K’&, Z) be the image of 77, i (7 under the map
F DN y P.0,00\% 177500
CE:(f)p(Jb) P Hy(E((Dy, 2) —» H,(FL,C.((A7 ) /Uf ,2)).

For the fundamental domain F = {b, U:’f’m, s bSU;”f’m} we choose by, ...b; € (/—\g’f’m)* such
that the b; are coprime to f. We then write b, ... b for the corresponding fractional ideals of O
and note that, by our choice of by, ..., by, the ideals b,, ..., b are coprime to f - £ - p. Since

(AR /FLUN ™ = Gi/(p),s

the collection of fractional ideals by, ..., by is a system of representatives of G; /(p). It follows that

Hence, by (40) we can calculate
N
A(ogp) = Y A (recg'j;‘; no} ) (42)
i=1

For everyi € {1, ..., s} we have, by Lemma 7.2 and (41),

Pfoonsp

F¢ . FY )
TeCy ikt = CE:(f)p(Jbi)(reCH/F(bi) ®Npk,(p) = CEi(f)p(‘]bi)(np,E+(f)) Q recy/p(b;).  (43)

Under the composition APoj b P L~ C?(Alﬂ’f’m, Z) we have that 1 is mapped to the characteristic

APl )
function of Bip =D H; tp.00 Qv We define the map
8y, : Hom(CX(A™, Z), Z) - Hom(C(F\, Z), Z)
by 551- wWH=ulf® ﬂﬁiw) foru e Hom(Cg(Al‘i’m, Z),Z)and f € Cc(Fp’ 7). It then follows from
the definitions of Eis), , and wy, ; that
Ff_ - 0

I’E+(f)p (5bi)(EISF’A) = a)f,bi’l. (44)

Here

ry (D (8,) : H"'(F{,Hom(CY(A®, 7), 2)) - H""'(E, (f),, Hom(C,(F). 2),Z))
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is the induced map, as defined in Lemma 7.2. We calculate, using standard properties of the cap-
product and (43), that

. Z, _ . Z,
Elslog’/1 N(ciq N Af(recg/;‘; N Sp )N =(=D"Tegn (Elslop’/1 N Af(recz/;‘; n 19p )

_ -1 -0 L .

= (=1)""¢qg N (Bis ; N A*(CE+(f)p Up)p £, ) ® recy /p(6)))
_ . FC .

= (=1 N (Bisy ; 0 AL, o Gz, ) ® recryp(B)

_ . Ff .
=(=1)"teyn (EISJOD,A N CE:(f)p(Apojbf)(UP,EJr(f))) ® recy /p(b)).
Applying Lemma 7.2 and the equality (44) to the above calculation then yields,

Eis} , N (ca N AE(YGCZZ;? n ~9p ) = (=" e N (@550 N1, () © TeCy /p(By)

=(-1)""¢gn (@p 5,2 @ recy/r(6)) NNy £ ))- (45)
Recalling the alternative definition of u, from (38) and the equality (42) we have

N

u, = Eisg,’/1 N(cy N Af(pH/F)) = z:(—l)"‘l(Eis?:’/1 N(cg N Aﬁ(recgj;? N 19” D).
i=1

Applying the calculation in (45) we can then observe

N
uy = (=11 Y i N (@5,1 ® recy 2 (6:) NNy i)

i=1

N
= (=1)"Meig N () @6, ® recyp(0) N7y 5 1))
i=1

=(-1D)" (e N (w2 NNy 5, ()
= Ll3.
Here, the third equality is due to the definition of w; ; from (15). The final equality is simply the
definition of u; and the fact that (—1)"~! = (— 1)’”rl O
8 | EQUALITY OF u, AND u,
In this section, we prove the following theorem.
Theorem 8.1. We have u; = us.
We show that for each o € G we have u,(0) = u;(0). This is done by using a strong enough

compatibility property which forces the formulas to be equal. A special argument will be required
in the case that R contains no finite places, that is, R = R,.
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We are given a CM abelian extension H /F of conductor f such that p splits completely in H. Let
f' be an auxiliary ideal of Oy that is divisible only by primes dividing f. Let H’ be another finite
abelian CM extension of F in which p splits completely, such that the conductor of H' /F divides
ff’. In particular, the extension H’ /F is unramified outside R.

Let o € G. Write u,(0, H) and u;(o, H) for o components of the formulas u, and u;, for the
extension H/F and Galois group element o. We show that, fori = 1, 3,

w(o,H)= [] w(H). (46)

reG’
tly=0

We refer to (46) as norm compatibility.
Proposition 8.2. We have
u,(o,H) =us(0,H) (mod E(f)).

Proof. Let V be a finite index subgroup of E_ (f) satisfying the conditions given in the statement
of Proposition 3.8. Furthermore, we choose V such thatif V' = (¢, ..., €,,_;) then the ¢; along with
7 satisfy Lemma 4.3. We recall from Section 6.2 the explicit description of u;(V, o),

n—1
$r2(0,B;,70,,,0)
us(V,0) = 6a N (@], N7p0) = [[ 6 ’ nngﬂ“”B’@v"”f x d(¢g (6, B, x,0)(x).
B, @

i
i=1

We have defined

u, (V’ B’ O-) = H egR,/l(bﬁBﬂﬂ'_lB,Op,o)ﬂ-;R,A(b,B,Op,O% X dvl(b, B, x)’
2% (8]

where

B = U Eel([ET(l) [ -] Er(n—l)])-

T€S, 1

Thus, u,(V, B,o) = u3(V,0) (mod E, (f)) and hence there exists « € F ;‘ such that

au,(0,H) = us(o,H) and olP+V e E, (f). 47)
Note that here we are also using Proposition 3.7. By Lemma 4.7, we can choose W to be a finite
index subgroup of E_ (f) satisfying the same conditions as V' but with [E_(f) : W] coprime to
[E, () : V]. Thus, we also have a!f+®:WI € E_(f), which combines with (47) to yield « € E., (f)
as desired. O

Assuming that (46) holds we can prove the following.

Proposition 8.3. Suppose that (46) holds and that R # R,. Then,

ul = u3.
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Proof. From Proposition 8.2, we have that for each 7 € G/,

u,(t,H') = uy(z,H') (mod E, ().
Our assumption that (46) holds then gives that for each o € G,

u,(o,H) = us(0,H) (mod E+(ff’)).
Since R # R, we have

Q E.(ff) = {1},
Here, the intersection is taken over all possible ideals {’ divisible only by primes dividing f. Thus,
we have
u, (0, H) = u3(o, H). O

Remark 8.4. If R=R, then f=ff =1 for all possible extensions. Hence, the proof of
Proposition 8.3 does not apply.

To handle the case R = R, we extend the definition of u; to work with the trivial extension.
For a Shintani set D and compact open U C O,,, we define

Vﬂ(Da U) = gR,ﬂ,(OFr Da U’ 0)
It is clear that

v(D,U) = ) v(6,D,V). (48)

opEeC

We then define, for a Shintani domain D,

u,(F) = < H (€D~ ID0y) >7TV’1(D’OP)][ x dv,(D, x). (49)
(@)

€EE,

By (48) and since { = 1 we have
w(F) = [ o B).
oceG
Lemma 8.5. We have
u,(F)=1.
Proof. Since D is a Shintani domain we have

V(D Oy) = {1 (F/F, Op,0) = 0. (50)
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Therefore, the 7-power term in (49) vanishes. Next, we write

j[xdv (D, x) = M (5D
o ST fmp x dvy(D,x)
By Lemma 2.10, we calculate
][ x dv,(D,x) = n”’l(”D’”ov)][ xdv,(n7'D,x) =% xdv,(x7'D,x) (52)
70, o, o,

since v, (7D, 71'(9p) = 0 asin (50). Since D is a Shintani domain we can write

7D = U (eDn 7 'D).

€EE,

We then have

]{9 xdv,(n7'D,x) = H (]{% xdv,(eDnn D, x))

p €€k,
(53)
_ ( H €v,1(eDm7r—11),(9p))][ X dVA(D, x).
€EE, Oy
Combining (51), (52), and (53) yields
-1
][ xdv;(D,x) = ( H e”ﬂ(ED””_lD’OP)>
o €EE,
Applying the definition of u, (F) yields the desired result. O

Proposition 8.6. Suppose that (46) holds and that R = R,. Then,
U; = us.
Proof. Let o € G. By Proposition 8.2 there exists e(c) € E such that
u, (o) = e(o)us(o).
Let r be a prime of F. From the equation
o (8, D, U, s) = {i(0,D, U, 5) — Nr ¢ p(br ™!, D, U, 5),
it follows that
u;(Su{r}, o) = uy (S, o)uy (S, a;lo)_l.

Proposition 5.2 ¢) gives the same result for u,. Applying Theorem 7.1 we have the same result for
us, therefore

uz(S, o)us(S, a;lc)_l =u(SuU{r}o)

= u’l(S U {t}’ G)
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=uy(S,0)u, (8,0, o)™

= 5(0)8(00;1)_1u3 (S, o)us(S, ar_lo)_l. (54)

Here, (54) is given by Proposition 8.3, which can be applied since we have added r to the set R. It
follows that e(o) = e(aa;l). Repeating this for all such r we see that (o) is independent of 0 € G.
Write ¢ = ¢(0). Then

1=u(F)= H u,(o,H) = el H us(o,H) = elol,

oceG oceG

The last equality follows since [],.; u,(c,H) = 1 by 5.2 b),d) and Theorem 7.1. Since ¢ € E, it
follows that € = 1. This gives the desired result. |

Theorem 8.1, under the assumption that (46) holds, then follows from the combination of
Propositions 8.3 and 8.6. In the next section, we prove the norm compatibility property (46) for u;
and u,.

9 | NORM COMPATIBILITY RELATIONS

In this section, we prove norm compatibility properties for u; and u;.

9.1 | Norm compatibility for u,

In this section, we again allow any choice of appropriate T.
The reciprocity map identifies Gal(H' /H) with

{8€(©p/ff) 1B=1 (mod PI/E, () (55)

We let D; be a Shintani domain for E_ (f) and define

Dy = U m:
VEE, (D/E, (i)

where the union is over a set of representatives {y} for E (ff’) in E, (f). Let ¢’ be the order of p in
Giy, and suppose that p¢ = (n') with 7’ totally positive and 7’ = 1 (mod {f'). We can choose 7’
such that 7/ = 7% for some « > 1. We then define Q' = O, — ' O

Let B denote a set of totally positive elements of O that are relatively prime to S and T and
whose images in (O /ff')* are a set of distinct representatives for (55).

The following theorem is stated without proof by the first author in [4, Theorem 7.1]. For
completeness we include a proof of this result here.

Theorem 9.1 Theorem 7.1, [4]. We have

ur(6,Dy) = [ ] ur(6(8), 7' D).

BEB
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The key to the proof of Theorem 9.1 is to use translation properties of Shintani sets. For a subset
A of equivalence classes of (55), let v/(b, D, U) = {2 (b, D, U, 0), where {7 is the zeta function

(A6, D,U,s)=Nb" ) Na'.

aeb~InD, acU
a€gA, (a,R)=1

This definition extends to { QT as in (7). Throughout this section, we will use the following simple
equality:

e, D, U) = w6, 7D, 7).

This follows from Lemma 2.10. Recall the following definition. For § € B,

ur(6(8), B~ Dyy) = (b(B), ™' Dy, n’)(n’)S“Rv“Hff’/F"’(ﬁ"”f X dv(6(8), ' Dy, x).
@/
It is clear from the definition of B that Theorem 9.1 follows from the following proposition.

Proposition 9.2. Let 3 € B. We have

UT(B(ﬁ),,B_Ifo’) = H €V¥(b(ﬁ),€ﬁ—1Dfﬂﬂ—lﬁ—lDf,Op) ﬂ.?/?(b(ﬁ),l)f,op)j[ x dv?(h(,@), ﬁ_lDf,x).
e€EL () o

The proof of Theorem 9.2 is largely an exercise in explicit calculation. We begin by considering
the multiplicative integral in u(b(8), 87! Dﬁ,).

Lemma 9.3. We have

i o i - —ig-
][ x dvp(b(B), B! Dy, x) = (H 7@ Dy, ﬂ®)> H H (6(8).ep™' Dy N7~ f1 Dy ,0)
o'

1=0 ecE_ (i)

1
[ riewnoo ][ x dvE(6(). 87Dy, x).
YEEL(D/EL (i) ?

Proof. Since 7/ = 7% and 0’ = O), — 'O, we have 0’ = ., m'0. Then
]é x dvp(6(B), ' Dy, x) = H ][ x dvp(B(B), 7' Dy, x).

By changing variables and then factoring out 7' we have

a—1
I(‘B) = <H wT(B(ﬁ) fo/ vs @)> Hj[ x dVT(B(ﬁ) ﬁ Ifol,ﬂ.' X)

i=1

a—1 ) a—1 » )
= (H n”’T([’(ﬁ)’fo””l@)> IT ]( x dviH6(8), 7 BT Dy, x).
i=1 i=0 /O
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We now note that we can write, fori =1,...,a — 1,

7Dy = |J (Dynz D).

€EE+(ff/)
Then,
a-1 .
[T =@ o). x 6Dy )
i=0/ O
_ {r71} 1
_H 11 j[xdv (6(8),ef™' Dy N7~ B~ Dy, x)
i=0 ceE, (ff)
T W B(8), 1 Doy 17 671D ,0) A -1
=(IT II <~ i i j[ X dvi (b(B), B~ Dyy, x).
i=0 ceE, () ©

Here, A = {1,771, ..., 7% 1}. Then since Dy = UyeE+(f)/E+(ff/) yD; we can write

Fxade@p D= ] OOk a6 67Dy
© YEE (D/E, ) ©

where E = E_ (f)/E.(ff’). Thus, we have, noting that B = AE = {ae | a € A, e € E},

a—1
; i {7T } _ —ip—
1) = <H7Tzvr(b(ﬁ),Dﬁ/,7r @)) H H o (6(B).eB 1Dﬁm7r 8 1fo”@)

2 =0 ceE (i)
: -
H y 1 B8~ D;.0) ][x dv(6(B), B~ Dy, X).
YeE, (D/E, () ’ N

We now consider the powers of 7= given in the definition of u(b(8), 8 ‘IDﬁ/) and arising in the
statement of Lemma 9.3. Recall that 7’ = 7%,

Lemma 9.4.

a—1
(H ﬂ_ivT(b(ﬁ),Dﬁ/,ni@)> 2SR [FBE.0) _ - vi(6(8).D;.0y)
i=1
Proof. Since 7'0 = '0,, — 7', we have by a telescope argument

a—1 a—1

ivp(6(B), Dy, m'0) = —(a — 1)v7(b(B), Dy, 7r"‘(9p) + vr(b(B), D /,7Ti(9p).
i i Z i

i=1

Recalling the definition of Dﬁ/ we also note that fori =0, ..., — 1 we have

vr(b(B), Dﬁr, ﬂi@p) = v?(b(ﬁ), Dy, ﬂi@p).
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Thus, we can calculate, using the fact that { R,T(Hﬁr /F,5(8),0) = vp(b(B), Dy, Oy),

a—1 )
(H niw(b(ﬁ),vﬁ/,nl@)>ﬂa§R,T<Hﬁ/ /F.5(8).0)

i=1

a—1 .
= <H VT®B). Dy ,n’op)) =@ DV (B(B). Dy 7%0y) _avy(6(8).Dgr.Op)

i=1

a—1
= (H VE(0(B). Dy O)) ) @ DVE(B(B). Dy O) v (6(B). D;.Oy)

i=1
By Lemma 2.10, we have fori = 1,..., a,
VE(B), Dy, ' O,) = vE T (6(B), 77Dy, O,).
We can then write 7~'D; = Usep, ) 6D; N 7' Dy. Then
E{r~ i} —i _ E{n~ 1} —i
Ve, DL 0) = Y v (b,8D; N Dy, O,)
seE, (D

= Y w76, D;n 677Dy, 0,)
5€E, ()

= Vg’{ﬂ_i}(b, Df’ OP)

Remarking that 7% = (7/)~! = 1 (mod f§’), we deduce that

a—1 . a—1 —i
(H niw(b(ﬁxvﬁf,n'@>>ﬂa§R,r(Hﬁf JF.(8).0) _ I1 22T 0E).DL0,) - M 68).01,0,)

i=1 i=0

Noting that B = AE completes the proof. O

We now consider the error term in the definition of uT(b(ﬁ),ﬁ"lDﬁ/) and the products of
elements of E, (f) that arise in Lemma 9.3. Considering Lemmas 9.3 and 9.4, in order to prove
Proposition 9.2 it is enough to prove the following.

Proposition 9.5. Let

a—1 ;
{r~} - —ip—
En(g) = (@), 6~ D, [ [ & COF P00

=0 ecE, (ff")

% [ »rie@rnol|
veE, (/. ()



38 of 44 | DASGUPTA ET AL.

Then

Er(g)= [ er®@F Do tE Dm0y,
c€EL ()

For clarity, we shall perform the calculations required for this proposition in a few lemmas.

Lemma 9.6. We have

a1 . .
En(g) =| [ @@ o s 2o I TT T P 6(8) e~ D161 D;,0) |
e€E, (D i=1 ceE, ()

Proof. Considering the definition of Dy we calculate

e(6(B), ' Dy, ') (56)
= ]I ¢Vr(CB)eB™ Dy 0T Dy Oy) (57)
e€E, (ff)
_ H H €VT(b(ﬁ),eyﬁ‘1Dfn7r‘°‘ﬁ‘1Dﬁ/,Op) (58)
€€EL (i) yEEL(N/E+ ()
— H y—vT(b(ﬁ),yB‘lz)f,@p) H ew(’s(ﬁ),eﬁ’lDfrm""ﬁ’lDﬁ/,Op)' (59)
YEEL(N/EL (i) €€EL ()

Similarly we have

OB BT D61 Dyy . 0)

c€E, ()
= H yVT(B(ﬁ)vy”_aﬁ_lvaOp) H €V$(b(ﬁ)s€6_lDfﬁ7T_aﬁ_] Df’(‘)p) . (60)
y€EL(N/EL () c€EL (P

We also calculate fori =1,...,a —1

—i .
H EV{T” J0(8).p™ Dy N7 Dy ,0)

€€E+(ff,)
_ I = @ Dol 6@y D)
YEEL()/EL ()

H eV;E,{n*f})(b(ﬁ)’eﬁ—l Dfnﬂ—iﬁ—l Df,@). (61)

eeb, ()

We now note the following equalities, both of which hold via telescoping sum arguments.
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1.
a—1 i
H y—v{;f J0(8).r6~D1.0) H 77 @B)rE™D,0)
i=1 V€E+(f)/E+(ff/) V€E+(f)/E+(ff,)
- H /1 ®@)YED0)
7€E+(f)/E+(ff/)
2.

a—1

I P @@ rnleD0)

i=1 | yeE, ()/E, (")

S yvr(b(m,yﬁ-lDf,wp>—v§”’“}<b(ﬁ),yn-aﬁ—lDf,op)

YE€E()/EL ()
= H yvr(bm),yﬁ*lDf,nop)—w(b(ﬁ),yn*“ﬁ*lvfﬂp.
7€E+(f)/E+(ff/)

Combining these two equalities with the calculations in (59), (60), and (61) gives the result. []

If a = 1, then Lemma 9.6 is equivalent to Proposition 9.5 and thus we are finished in the case
a = 1. From this point on, we assume that a > 1.

Lemma9.7. Ifa > 1 then

Err(B) = H ' ®OB)eB™ DN~ TIDLO,) H SVEM(B).367 7 DT B Dy0),)
ceE® SEE,(f)

a—1 i
H H V@) Dy 7 D7 0y)
i=1 c€E, ()

a-1 —i )
H H 5V<TE'{” }>(B(ﬁ),eﬁ‘lrf‘1Dfn7r“ﬁ‘lDf,O}).
i=2 5€E. ()

Proof. Fori=2,...,a we have

ﬂlDf = U 7T_15Df n ﬂ_in.
sk, (H

Thus, applying this to the result of Lemma 9.6, we have

Err(B) = H VP (0(B).e DN~ 71 DyLO)) H §vE (886~ Dy~ 71 Dy, 0p)
€€E+(f) 5€E+(f)
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a—1 i
H T 6B DA 671D, 0)
i=1 | ecE, ()
5V;E’{”7i}>(b(ﬁ),€ﬁ_lﬂ_lDfﬁﬂ_iﬁ_lDf,@) )
S€E,()

(Edn1}) -1 P
Remarking that [[scp ;) 8”7 ©@ep~ 71 D7 BIDRO) — 1 gince DT BTID; =
@, gives the result. 0

If a = 2, itis straightforward to see that Lemma 9.7 is equivalent to Proposition 9.5 and thus we
are also finished in the case a = 2. From this point on, we assume that o > 2. From Lemma 9.7,
one can see that to prove Proposition 9.5 it is enough for us to show

1= H SVEG(B).867 A1 DB Dy, 0y)

S€E,()
a—1 »
T V@@ Dy BT Dy 0y)
i=1 c€E,(f)
a-1 B )
s @ r Dy g Do), (62)
i=2 6€E, ()

To do this, we first show the following lemma.

Lemma 9.8. We have that for j = 1,...,a — 1 the right-hand side of (62) is equal to

H SVEG(B).867 T I DT BT D;,0,)
S€E,(f)

e(j) =

a1 i . )
H H e—v;E*{” D(6(8).ep~ 7~V Dy p1 D}, 1 0,,)

i=) c€E, ()

a-1 i . )
H H 5v<TE‘{” ”(b(ﬁ),aﬁ—ln—mfnn—lﬁ—lDf,@)_

i=]+16€E, (f)

Note that for j = a — 1 the last product is empty. We also remark that it is implicit in the statement
of this lemma that e(1) = --- = e(a — 1).

Proof. We prove this by induction. The case j = 1 holds trivially. We now assume it holds for j
and prove the result for j + 1, that is, we show e(j) = e(j + 1). To do this we note that for i =
j+2,..,a,wehave

71'_in= U n_(j“)fonn'_in.
x€E,(f)
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Thus, e(j) is equal to the product of the following elements:

H 5V )6~ Dy~ UV D;,0,) H 1V E OB AU Dina = 1Dy, 0y) (63)
S€E(f) x€E,(f)
= v BTN (5(8) g1 - U-D DI g1, 70O,
€1 ; i 0y (64)
i=) c€EL (D
ol Efni}) ; j
H H s D@8 a I DA U+ VE1D,0) (65)
i=j+18€E, ()
i ) : ~
H H Ku;'” ©@)xp~ 2TV DT 1Dy, 0). (66)
i=j+2x€E ()

We remark that the first bracketed term in (63), and (66) are already products in e(j + 1). We now
consider (65) and calculate that it is equal to

al (Bgn—(-Dy) -1._—(j-1) —jp-1
H H 5VT’ 6,6 Y Dinrz 1B Df,ﬂ(ﬂp)
i=j+18€E(f)

a—1 —i . .
IT II 5 P 0(@).3p7 a DUV D) (67)
i=j+18€E,(f)

We now consider the way the terms in (67) interact with (64). Multiplying (67) by (64) gives
a—1

e—V;E’{”ﬂ}>(b(5),eﬁ‘17r_1 DyneU+DB=1D; 70,)

i=j+1¢€E, ()

—(a—-1) . .
T wB)ep U DDy D0 | (68)

<€EL ()

The first term in (68) is the term we were missing from e(j + 1). Thus, it only remains to show
that the second bracketed term in (63) multiplied by the second bracketed term in (68) is equal to
1. This is shown by the following calculation,

H §VE )86~ Dyn= UV~ D;.0y)
S€EL ()

_ H s 0.6 a0V DI BI DO,
S€E., (1)

—(a—1 ) .
_ 57);5{71 (a )})(b(ﬁ)’56_1ﬂ_(J—l)Dfnﬂ—jﬁ—lDf’ﬂop).

S€E, ()
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We therefore deduce that
e(j)=e(j+1)

as claimed. This completes the proof of the lemma. O
We are now ready to prove Proposition 9.5.

Proof of Proposition 9.5. We consider e(a — 1). From Lemma 9.8, we have that e(a — 1) is equal to
the right hand side of (62). Then

e@—-1)=| [ 0@tz Ionrsio o,
SEEL (D)

—(a—1
e_Vé‘E’{” (a )})(b(ﬁ)’eﬁflﬂ,f(afz)Dfrm.—(orfl)ﬁflDf’ﬂ(gp)‘

€€EL(f)
Since 7 = 77@ 1 (mod §f'), it is clear that
e(la—1)=1.

This completes the proof of Proposition 9.5 and thus proves Theorem 9.1. O

9.2 | Norm compatibility for u,

We prove norm compatibility for u, and then obtain the result for u, by Theorem 7.1.
We recall the definition
U, = Z uy(0) ® [o7'] = Bis% N A, (cig N PH/F)-
ceG
Theorem 9.9. We have for any o € G,

uy(o,H) = H uy(t,H').

eG’
tly=0

Remark 9.10. This theorem has been stated without proof by the first and third authors in [8,
Proposition 6.3]. We include the proof for completeness. We note also that the proof of the norm
compatibility for u, is much simpler than that for u;. This is a result of the additional structure
we have due to the cohomological nature of the construction.

Proof of Theorem 9.9. We consider the natural map

Y F, ®Z[G'] > F, ® Z|G]

Ynolrl- Y| ] n|e®lol

TeG’ oceG| e’
T|g=0
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Then, on one hand,

Ya,EH) = Y ([] w@HN) @0l

ceG reG’
Tly=0

On the other hand,

P(uy(H')) = P(Eisy N A,(ciq N Pgr )
= Eis) N 9,A,(¢iq N Prrr/r)

= EIS?: N A>|<(Cid N ¢*pH’/F)

The only equality of note here is the final one. This follows since we can commute ¥, with A,
which is a consequence of the definitions in Section 5.1. Then since ¥, o/ = ppy/p, the desired
result follows. O
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